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1. Introduction 

Let X/C be a smooth projective variety. Then it is a consequence of the Hodge 
decomposition theorem (see Q) that for p, q > we have: 

(1.1) h?> q = dim c H*{X, n p x/c ) = h™ = dim c H*(X, fi«. /c ). 

The Hodge theorem also asserts that these two spaces are complex conjugates and 



hence the equality of the two dimensions. In this note we give ap-adic proof of (1.1) 



when X/C is a smooth projective threefold. Our approach is based on the following 



observation: one first notes a purely p-adic assertion that (1.1) holds when Hodge 
numbers are replaced by more delicate p-adic invariants introduced by Ekedahl [[| 
called Hodge- Witt numbers. These invariants take in to account the torsion in 
the slope spectral sequence as well as the slopes of Frobenius in the crystalline 
cohomology of the variety. Hodge- Witt symmetry was proved by Ekedahl using his 
delicate duality theorem (we note here that we do not use Ekedahl's duality in the 
proof given below; we have replaced this by an elementary assertion h-^ — ) 
as well as the crystalline Hard-Lefschetz theorem (when X is a smooth projective 
threefold over a perfect field of characteristic p) . 

Once Hodge- Witt symmetry is proved one appeals to another result of Ekedahl 
(see ||) which guarantees the equality of Hodge- Witt numbers and the Hodge num- 
bers under suitable circumstances. That these required conditions are met when 
X is a smooth projective variety over complex numbers is a simple consequence 
of Deligne-Illusie criterion (see ||) for degeneration of Hodge-de Rham spectral 
sequence in characteristic p. 



The restriction on dimension in Theorem 3.1 arises because Hodge- Witt symme- 
try is not known. Ekedahl gave a necessary and sufficient condition for Hodge- Witt 
symmetry to hold (in any dimension) . This condition is given in terms of a certain 
equality of domino numbers for the slope spectral sequence. While this condition is 



not known to hold in dimension bigger than three, in Remark |3.2| and Scholium [3^2 
we give one set of hypothesis under which these condition are satisfied. Further 
Ekedahl's conditions also hold, for instance, if X is a smooth, projective Hodge- 
Witt variety over a perfect field of characteristic p > 0. Hence we deduce that if a 
smooth projective variety X/C has Hodge- Witt or ordinary reduction at an infinite 
set of primes then Hodge symmetry holds in characteristic zero. 

We would like to thank Luc Illusie for correspondence and comments; we would 
also like to thank Minhyong Kim for discussions on Hodge symmetry and also to 
Jim Carlson whose lectures on mixed Hodge theory at the University of Arizona 
revived our interest in algebraic proofs of Hodge symmetry. We are grateful to 
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F. Oort for his interest and his suggestions which have improved the readability of 
this paper. We also thank Dincsh Thakur for comments. 

2. Hodge- Witt Symmetry 

To keep this note brief, we will refer to || , |1(J and j3j , Q] , || for notations and 
basic results. In this section X/k is a smooth projective variety over a perfect field 
of characteristic p > 0. Let H^X, WVL X ) be the Hodge- Witt cohomology groups 
of X. Let T IJ be the dimension of the domino associated to the differential 

H j (X,Wft x ) -> H j (X, wn^ 1 ). 

Let m 1 ^ be the slope numbers associated to the slopes of Frobenius on the crys- 
talline cohomology of X. For the definition see |j| or @. Then the Hodge- Witt 
numbers of X, denoted li^ are defined to be 

(2.1) hfy = ///'••' + T« - 27 ' ' + I ' 

Note that by jlO) T l,J is zero if the corresponding differential of the slope spectral 
sequence is zero. 

The following symmetry of slope numbers is a consequence of jjj and [fl4[ and is 
due to Ekedahl (see ||) we give his proof here for completeness. 

Lemma 2.1. For any smooth projective variety X/k over a finite field k of char- 
acteristic p and for all i,j we have 

(2.2) 



Proof. Let for any rational number A /i™ ris A be the dimension (=multiplicity) of 
the slope A in H™ r - ls {X/W). Then by definition of m IJ we have 

(2-3) m^= J2 + + E (*-i + W&x 

Thus to prove the equality of m lJ = m 3 ' % for all i, j it suffices to prove that if A 
occurs in H™ ris (X/W) with some multiplicity, then n — A occurs in this cohomology 



with the same multiplicity. This is a consequence of Riemann hypothesis 1 14 , and 
here is how one derives it from the Riemann Hypothesis. Let a%,... ,a r be the 
eigen values of Frobenius on H™ is (X/W). Then one knows by [|l] and that the 
characteristic polynomial of the Frobenius on crystalline cohomology is the same as 
the characteristic polynomial of Frobenius on ^-adic etale cohomology for any £ ^ p 
(this is where we use the hypothesis that we are over a finite field. In particular 
this characteristic polynomial has integer coefficients and that the eigen values on 
are algebraic integers with ctidi = q n , where q is cardinality of our finite ground 
field, and q n /ai is also an eigenvalue of Frobenius on this cohomology. Normalise 
the p-adic valuation on W{k)[a\, . . . , a r ] so that q has valuation 1. Then it follows 
from this that if A is the slope of frobenius then n — A is also a slope of frobenius 
and it occurs with the same multiplicity. □ 

We will also need the following elementary lemma due to Ekedahl (see g). 

Lemma 2.2. Let X/k be a smooth projective variety over a perfect field k of char- 
acteristic p > 0. Then 

(2-4) h% 2 = h%° 
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Proof. From the definition of and h 2 ^ and Lemma 2.1 it suffices to prove that 



"■1,1 7^2,0 



T ' and T ■ are zero. The first is a consequence of |10| and the second is proved 
in|. □ 

Remark 2.3. One can give a similar proof of the fact that — h]y = bi/2, 
where \b\ is the dimension of the Albanese variety of X (see ||). 

Remark 2.4. Ekedahl has shown that h 1 ^ = for any smooth projective three- 
fold X/k and i, j > 0. The proof of the assertion h\^~ z = h^ r ' 1 uses Ekedahl's 
duality theorem (see ||). Ekedahl's duality is not sufficient to prove the corre- 
sponding assertion in higher dimensions. 

3. Hodge Symmetry for Threefolds 

Theorem 3.1. Let X/<C be a smooth projective variety over complex numbers. 
Then we have h l ' J = h 3,1 for all i + j < 2. Moreover, if X/C is a smooth pro- 
jective threefold then Hodge Symmetry holds for X . 

Proof. Observe that h l,3 ~ l — /i 3-M is a trivial consequence of Serre duality (see 
|7]). Hence the assertion for threefolds follows from the first part of the assertion. 
So we have to prove h 1 ' 3 = h?' % when i + j < 2. Observe that h 0,1 = h ' follows by 
reduction to Picard variety of X , where the assertion is trivial. So we are left with 
proving that h 2 — h 2 . 

We can assume, by a standard specialization argument, that X is defined over 
a number field. We choose a proper, regular model of X over a suitable open 
set of ring of integers of the number field. By further localisation on the base 
we may assume that model is smooth over the base and that the relative de Rham 
cohomology is torsion free and all the relative Hodge groups are torsion free as well. 
After further localisation we can assume that the Hodge numbers of every special 
fibre coincide with the Hodge numbers of the generic fibre and that the Hodge to 
de Rham spectral sequence of the special fibre degenerates at E\ . This can be done 
by the criterion of degeneration of the Hodge de Rham spectral sequence due to 
Deligne-Illusie (see 0]). 

Let X p be a special fibre chosen as above. Then H*(X p , Wft^^ ) is a Mazur-Ogus 
object in the derived category of bounded complexes of modules over the Cartier- 
Dieudonne-Raynaud algebra (see ]l(|) and hence we see that by || Corollary 3.3.1, 



page 86] one sees that = h l ' J and so by Lemma ^2| we are done. □ 



Remark 3.2. We note that of proof given above can be turned on its head: if X 
is a smooth projective variety over complex numbers then as one does know that 
Hodge symmetry holds (H), so for sufficiently large primes, the reduction satisfies 
Hodge- Witt symmetry as the Hodge numbers and the Hodge- Witt numbers coincide 
by B, ||. In particular one deduces that Ekedahl's conditions on domino numbers 
(see i & Proposition 3.2(h), page 113]) are satisfied for almost all but finite number 
of reductions, regardless of whether or not these reductions are ordinary or Hodge- 
Witt. So it would seems reasonable that at least under some reasonable hypothesis 
(liftablity to W2, torsion-free crystalline cohomology), Hodge- Witt symmetry ought 
to hold in anay characteristic. We make this remark more precise in the following. 
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Scholium 3.3. Let X/k be a smooth projective variety over a perfect field of char- 
acteristic p > 0. Assume that X admits a smooth, projective lifting to W(k) and 
p > dim(X) and the crystalline cohomology of X is torsion free. Then for all i,j, 
the dimension, T % ' 3 of the domino associated to the differential d : W (X,WQ l ) — » 
W(X,WQ j+1 ) satisfies T ij = T^~ 2 ' i+2 . 

Remark 3.4. In a forthcoming work (see O]) we have investigated properties of 
Hodge- Witt numbers and slope numbers in detail. For instance we have shown 
that a weak version of the Bogomolov-Miyaoka-Yau inequality holds for all smooth 
projective surfaces of general type which lift to W2 and have torsion free crys- 
talline cohomology. We have also shown that the domino numbers of any smooth, 
projective variety which has torsion free crystalline cohomology are determined 
completely by their Hodge numbers and slope numbers. This was noted in S for 
Abelian varieties. Further we have also shown that for complete intersection in 
projective space, Ekedahl's conditions reduce to T % ' n ~ % — y™- 4 - 2 ^+ 2 these are a 
consequnce of Ekedahl's duality for domino. These investigations will be reported 
in Q. 

Remark 3.5. Let X/C be a smooth projective variety. Then one expects that 
X has Hodge- Witt or ordinary reduction modulo an infinite set of primes (see for 
instance ) . If one believes the truth of these assertions then by Ekedahl's work 
JH) and the above remarks, Hodge symmetry follows. 

The method of proof is more general and can be used to prove the following: 

Theorem 3.6. Let X/k be a smooth projective threefold over a perfect field k of 
characteristic p > 0. Assume that the Hodge de Rham spectral sequence of X degen- 
erates and the crystalline cohomology of X is torsion free. Then Hodge symmetry 
holds for Hodge numbers of X/k. 



Remark 3.7. In general the conditions of Theorem 3.6 are not very easy to verify. 
But here is one application: assume that X is Frobenius split and that p > 5. Then 
by a result of Mehta (sec Jl^]) we see that Hodge de Rham spectral sequence of X 
degenerates at E\ , so if crystalline cohomology of X is torsion free then X satisfies 
Hodge-Symmetry. 

Remark 3.8. The assumption that the crystalline cohomology of X is torsion free 



is a necessary assumption in Theorem 3_ii . If this assumption is dropped then Hodge 



symmetry fails in positive characteristic. Here is one example (for surfaces): this 
is taken from [|[ Chapter II, Section 7.3]. Let X be a smooth projective Enriques 
surface in characteristic two. Assume that X is singular, i.e., 7J 1 (X, Ox) is one 
dimensional and frobenius is bijective on this vector space; such surfaces exist only 
in characteristic two. Then one has has a complete list of the Hodge invariants of 
X . In particular in the present situation, there are no global one forms on X but as 
H 1 (X, Ox) 7^ 0, Picard scheme of X is not reduced (it is equal to ^2 so the Albanese 
variety is zero and hence the second cristalline cohomology of X has torsion (it is 
of type V-torsion in Illusie's classification of torsion). In fact as the proof of the [|[ 
Proposition 7.3.5, page 656] shows, the cohomology of X with coefficients in the 
sheaf of Witt vectors is of finite type and so X is Hodge Witt. 
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